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2.1. Introduction. In this chapter, we shall discuss about normal extensions, fixed fields, Galois
extensions, norms, traces and the dependence of all these on normal extensions.

2.1.1. Objective. The objective of these contents is to provide some important results to the reader like:
(i) Normal Extensions.

(ii) Fixed Fields, Galios Groups

(iif) Norms and Traces.

2.1.2. Keywords. Normal Extensions, Galois Group, Fixed Fields.

2.3. Normal Extension. An algebraic extension K of F is said to be normal extension of F if each
irreducible polynomial f(x) over F having a root in K splits into linear factors over K, that is, if one root
is in K, then all the roots are in K.

If E 1s the splitting field of f(x) over F such that a root ‘a’ of f(x) is in K, then Ec K.
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2.3.1. Lemma. Let [K : F] = 2, then K is normal extension of F always.

Proof. Let g(x) € F[x] be any irreducible polynomial over F. Let « be a root of f(x) and « € K. Now,
we have

[F(o):F]<[K:F]=2 = [F(a):F]<2 = degf(x)<2.
If degf(x) = 1, then let

f(x) =ax+b with a,beF,a=0.

Then, 0=f(a)=aa+b = a:—g,aiO.

But—EngK = aeckK.
a

If degf(x) = 2, then let f(x) = ax?+bx+c  with a=0. If o be a root of f(x), then,

f(x):(x—a)(x+a+9), aeK
a
b, .
= —(a+-) is other root of f(x).
a

Since EngK and e K = —(a+9)eK.
a a

Hence K is a normal extension of F.

2.3.2. Theorem. Let K be a finite algebraic extension of a field F then K is a normal extension of F iff K
is the splitting field of some non-zero polynomial over F.

Proof. Let K = F(a1,a2,...,an) be a finite algebraic extension of F. Suppose K is normal extension of F.
For each a, € K, let fi(x) be the minimal polynomial of a; over F. Since K is normal extension of F, so

fi(x) splits completely into linear factors over K.
Let f(x) = fa(X)f2(x)...fa(X).

Let ‘a’ be any root of f(x), then ‘a’ is also a root of some fi(x) and hence a € K. Let E be the splitting
field of f(x). Then, Ec K.

Now, F(a)= H f;(a;) =0. Therefore, ai is a root of f(x), thatis, a € E .

j=1
Therefore, F(a,a,,..,.a,)cE = KcE.

Thus, K =E.
Hence K is the splitting field of f(x) over F.



30 Theory of Field Extensions

Conversely, let K be the splitting field of some non-zero polynomial f(x) over F. Let ai,az,...,an be the
roots of f(x). Then, K = F(ay,a,...,an).

By definition, [K:F]<n!.

So, K is finite algebraic extension of F. Let p(x) be any irreducible polynomial over F with a root £ in
K. p(x) is also a polynomial over K with (x— £) as a factor in K[x]. So p(x) is not irreducible over K.

Let L be the splitting field of p(x) over K. We claim that L=K.

Let, if possible, L= K. Then, there exists a root g'of p(x) in L such that g'¢K . As B and f'are
conjugates over F, there exists an isomorphism o:F(8)—>F(f) such that
o(f)=p"and o(1)=A1 forevery A inF. Now, F < F(B) < K gives K is a splitting field of f(x) over
F(p) .

Further, K(8")=F(a,a,,..,a,)(#)=F(8)(a,a,,..,a,) gives K(B") is a splitting field of f(x) over
F(8") . Then, there exists an isomorphism z:K — K(£") such that

7(X) = o(x) for every x in F(5).

But then z(B)=oc(f)=4"and (1) =c(1) =4 forevery 1 inF.

Hence 7: K — K(£") is an onto isomorphism, such that z(8) ="' and z(1)=A forevery A inF. If
f(X) =, +aX+..+a, X" +a X"

in F[x] with &, #0. Then,
f(X)=a,(x-a)(x—a,)...(x—a,)

Let z': K[x] > K(£"[x] be an extension of z such that

o'(f (X)) =7'(a, +aX+..t+a, X" +a X") =1 (a) + (@) X+ + 7' (o, )X + 7' (er,) X"

=1(ay) + (@ )X+t (e, )X +7(, )X = oy + A X+ o+, X+, X"
— f(x)

Also,

(£ (X)) = 7'(a (X~ 8) (X~ 8,)...(x~,)) = 7' (e )7 (X~ )T (X~ a,)...7 (X ~a,)
= &, (X~ (@) (X~ 7(a,))..(x~ 7(a,))

We get that z(a,),7(a,),...,7(a,) are also roots of f(x). Since z is one-one, so
{r(a).7(&,),...7(a,)} ={a.a,,....a,}
It implies = permutes the roots of f(x). Therefore,

K=F(a,a,..a,)=F((a)7(a,)...7(a,))
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However,
K(B)=1(K)=7(F(a,a,..3a))=F((a).7(a,)....7(a,)) =F(a, a,,...a,) =K
Itimplies g'e K, which is a contradiction.

Thus, L = K, so p(x) splits completely over K. Hence K is a normal extension of F.

2.3.3. Corollary. Let K be a finite normal extension of F. If E be any subfield of K such that
F < E =K, then K is normal extension of E.

Proof. Since K is a finite normal extension of F, so there exist a polynomial f(x) over F such that K is
splitting field of f(x) over F. Then K is also a splitting field of f(x) over E. Hence by above theorem K is
normal extension of E.

2.3.4. Corollary. Let K be finite normal extension of F. If ¢, and o, be any two elements in K

conjugate over F, then there exists an F automorphism o of K such that o (o) =, .

Proof. Let K be the splitting field of the non-zero polynomial f(x) over F. Since a1, o2 are conjugates
over F there exist an isomorphism o such that ¢ : F(o) — F(o2) defined by

o (1) =(a2) and o (A) =A forall A e F.
Now [F(o) : F] = [F(ow) : F] = degree of minimal polynomial of oz (or aw).
Now , f(x) € F[X] < F(a2)[X] and f(x) € F[x] < F(a2)[X]
Therefore, K is splitting field of f(x) over F(ou) as well as F(ow).

Then there exists ¥ : K —> K s.t. W(a) = o (o) forall o € F(o) and W(A) =c (L) =A forall X e F.
Then W(ou1) = 6 (a1) = a2. Hence W is an F-automorphism of K such that W(ou) = oo,

Remark. Converse of Corollary 1 need not be true, for if F=Q,E = Q(«/E) and K =Q(<‘/§). Then K is
normal extension of E, E is normal extension of F but K is not a normal extension of F.

2.3.5. M(S, K). Let K be any field and S be any non-empty set.The set of all mappings from S to K is
denoted by M(S, K).

2.3.6. Theorem. If o,,0,,...,0, be any n monomorphisms in M(E, K), then these are always L.I., where
E and K are fields.

Proof. If n = 1, then consider o, and let, for a, e K
a0,=0 = ao(ax)=0 forall acE

Since a,0, is a homomorphism from E to K and
a,0,(ax)=0 forall « €E

In particular, (a,0,)(1) =0 whereleE = (a)o;())=0.
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Since o, is a monomorphism so o, (1) # 0, then a; = 0.

Hence o, is linearly independent.

Now, let us assume, as our induction hypothesis, that o,,0,,...,0,, are L.l.
We have to prove that o,,0,,...,0, are L.I.

Let A, 4,,...,4, are scalars such that

Ao, + 4,0, +..+ A0, =0 ..(1)

If any of A, is zero, then the above relation reduces to a combination of (n - 1) o, ’s and by induction

hypothesis, all 4.’s are zero. Hence we assume that 4, 4,,..., 4, are all non-zero.

So, let W.L.O.G., 4, #0. Then dividing (1) by 4, , we have

bo,+b,0, +..+b, 0, ,+0,=0 ..(2)

Aidy

where b. _A
A

n

Since o, and o, are distinct, so there exists an element x, € E such that

0,(%) # 0, (%)

Then, clearly x, # 0, since image of 0 is 0 for any homomorphism.
Now, let x € E be any element then xx, € E also. Compute
(bo, +b,0, +..+b, 10, , +07,)(x%)=0(xx ) =0
= bo, (xx)+b,o, (x¢)+...+b, 0, (X )+0,(xx)=0
= boy(x)oy (%) +0,0,(X) 0, (%) +.. 4D, 40,4 (X) 0,1 (%) + 0, (X) 0, (%) =0

Since o,(x) # 0, so dividing above equation by o, (X,) .

b, Z((’;g &,(X)+b, Z&; &y (X)+..+b, Zﬂnl((xlxi)) &, (x)+0,(x)=0 ("
From (2), we also have
boy(X) +0,0,(X) +...+b, 10, (X) + 0, (x) =0 (%)

Subtracting (**) from (*), we get
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NE R T P A

o, (%) o, (%) o, (%)
Since o,(x) =0, (x) = Z:(()::l))il = %—1;&0

Now as above equation (3) holds for every x € E , so

bl[zl(()z; —1};1 b, (ZZ 52; —1};2 +...+bnl(%(f))_1)g“ _0

which is a combination of (n-1) o; ’s. So, we get

e e T
LAY A

-1#0,s0by1=0andso — =0, which implies 4, =0, a contradiction.
o, (%) z

Hence any set of n monomorphism is linearly independent.

Now, as

2.3.7. Definition. Let K be any field, then the set of all automorphisms on K is denoted by AutK.
2.3.8. Corollary. AutKconsists of linearly independent elements.

Take E = K in above theorem, the result follows.

2.3.9. Exercise. The set of all automorphisms of K form a group under composition of mappings.

2.4. F-Automorphisms. Let F be any field and K be any extension of F. An automorphism o:K — K
is called F-automorphism of K if

o(X)=x forallxeF.

Notation. G(K, F) will denote the group of all F-automorphisms of K. G(K, F) is called Galio’s group of
K over F and known as group of automorphisms from K to K which fixes F.

2.4.1. Exercise. Prove that G(K, F) is a subfield of AutK.

2.4.2. Theorem. If P is a prime subfield of K, then prove that AutK = G(K, P), that is every
automorphism on K fixes P.

Proof. Let o € Aut(K) then 6 (0)=0 and o (1) =1

Case 1. CharK = P for some prime p.

Then P = Z,={0,1,...,p—-1}. If a € Z, then o =1+1+....+1 (o times)
6 (o) =c (1+1+....+1)=c (1) +tc (1)+.....t o (1) = 1+1+....+1l =«

= c(a)=a forall aeZ, = o fixesP.

-  6eG(K,P) = AutKcG(K,P).
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Case 2. CharK = 0.

Then P=Q = {mn! : mne Z}and

o (M) =c(m)o(n?) =c(m)(e(n)” =mn? forallmn e Q

= o fixesP. = c e G(K,P) = AutKc G(K,P).
So, in both cases, we get Aut (K) < G(K, P). But G(K, P) < Aut (K) always.
So Aut (K) = G(K , P).

2.4.3. Theorem. Let K be any extension of F and o e G(K,F). If ‘a’ is an element which is algebraic

over F then ‘a’ and ‘ o(a) * are conjugates over F.

Proof. We know that G(K, F) ={ o € AutK :c(A)=AforallA € F}.

Let a € K be an algebraic element over F. So let f(x) = Ao + A1x +...+ X" be the minimal polynomial of
‘a’ over Fandthen 0= f(a) =Ao+Aia +...+a" € Kalso, since a, Ao, A1, ... € K.

Now, 0=06(0)=o(f(a)) =o (hot+ra+..+a")
=o (M) toc(M)oc (@) +..+t o (a")
= 2o + Mo (a) +..+(o(a))" = f(o(a))
= f (o(a)) =0, so o(a) is also a root of f(x)

= o (a) is conjugate of ‘a’ over F.

2.4.4. Exercise. Let G be a group of automorphisms of a field K. Then, the set
F, ={xeK:o(x)=x forall o € G} is a subfield of K.

Also, this subfield is known as fixed field under G.

2.4.5. Example. Let K = Q(%/E) The minimal polynomial of 32 over Qs x3— 2. It has only one root,

namely, ¥/2 in K. Since K is a field of real numbers. Let o be any Q — automorphisms of K. Then
0(3/5) e K isaroot of x3 - 2. So, 0(3/5) =32 . Letx be any element of K, then x can be expressed as:

a+€/§b+(€/§)2c, where a,b,ceQ.

S0, o(X) = o(a) + o(¥2)o(b) +a(($/§)2)a(c) —a+¥2+(12) c=x

= o=I1.Thus, AutK ={1}.

Hence in this case K itself is the fixed field under AutK.
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2.4.6. Theorem. Let G be a finite subgroup of AutK. If Fo is fixed subfield under G, that is,
F,={xeK:o(x)=xforall o € G}. Then, [K : Fo] = o(G).

Proof. Let [K : Fo] = m and o(G) = n.
Let, if possible, m <n.

Let 0,,0,,...,0, are elements of G and let {x1, X2, . . ., Xm} be a basis of K over Fo.

Consider a system of m linear homogeneous equations, 1< j<m
o, (X, )u, + 0, (%, )u, +...+ 0, (X )u, =0 ..(1)
Note that o, (X;),,(X; ).....0, (; ) are elements of K and us, Uz, . . ., un are variables.

Since the number of equations is less that the number of variables, so the system (1) has a non-trivial
solution, say, y1, ¥, . . ., Yn, here not all yi’s are zero.

al(xj)y1+az(xj)y2+...+an(xj)yn:0 ..(2)
forj=1,2,...,m.
Now, if X € K, then

X=X +a,%, +...+a,X,, where ¢, € F.

n“‘n1?

Multiplying j™ equation of (2) by a;, we get

o, (%) Yaet; + 0, (X)) Yo+t 0, (X)) Yot =0
= o(x) ale)i+e,(x)oy(a))y, +tay (X))o, (a;)y, =0
because «; e F, and o; € G and Fo is fixed under G.
= al(ajxj) y, +o, (ozjxj)szr...+0n (ocjxj)yn =0 forj=1,2,...,m.
Thus, we have the system of equations,

o, (X)) Yy +0, (X)) Y, +..+0, ()Y, =0

0, (%) Y, +0, (%) Y, +..+ 0, (2,%,) Y, =0

oy (X)) Yo+ 0, (X ) Yo oot 0, (X ) ¥y =0

Adding all these equations, we get

oy (X + Xy + ot 2y X ) Yy + 0, (00X + Xy + .+ X ) Y

+ot o, (X + X+t X ) Y, =0

= 0,(X) i +0,(X)y, +..+0,(x)y,=0 forall xeE
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= (y10-1+y20-2+---+yn0'n)(x)=0 forall xe E

= Y,0,+Y,0,+..+y.0,=0
where atleast one of y; #0.

Henceo,,0,,...,0, are L.D. over K, a contradiction.

Thus, m<£n.

Now, if possible, suppose that m > n.

Then, there exist (n + 1) L.1. elements, say X1, X2, . . ., Xn+1 In K over Fo. Consider the system of n linear
homogeneous equations in (n+1) variables

o (X )Uy+0; (X )Uy +...+ 0 (X1 ) Uy =0 ..(3)
forj=1,2,...n.

Since the number of variables is again greater than the number of equations, so these homogeneous
equations have a non-trivial solution. Let z1, z, . . ., Zn+1 be a non-trivial solution of the system (3). Let r
be the smallest non-zero integer such that zj= 0 forall j>r+1.

Then, the system (3) reduces to

o, (%), +0,(%)2,+..+0,(X )z, =0 ...(4)
Since z, #0 and z, € K . Consider, z =:_i' Then, from (4), we get
o, (x)z+0,(%)z+..+0,(X4)Z1+0,(%)=0 ...(5)

forj=1,2,...n.
Letforj=1, o, =1, we get from (5), that
X2 + X2y +. X 2 +X =0 ...(6)

If all z/,2},...,z._, are in Fo, then from (6), we get that X1, X2, . . . , X; are L.D. over Fo, which is not

possible.
Hence atleast one of z/ is not in Fo, say z, ¢ F,.
Further, we get that r =1, because if r = 1, then we get that z, =1 and so z, € F,.
Since z) ¢ F,, so there exists some o, € G such that o;(z}) 2, .
Applying o, € Gto (5), to get

Oi (01 (Xi)zll)+6i (GJ (XZ)Z;)+-"+Ui (Uj (Xr_l)Z:_l)'FO'i (o(x))

I
o

= 0,0; ()0 (21')+0i0'j (x,)0 (Z|2)+...+O'i0j (X1)o0; (Z:_1)+0'i0'j (x,)=0
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Since G is a group, the set {c;0,,0,0,,...,0,0,} coincide with the set {c;,0,,...,0,}, though the order

'~iYn

of elements will be different. So, we get
of (x,)o; (le)-l-O'j (%,)o0 (ZI2)+...+O'J- (X_1) o (Z:_l)+0j (x)=0 ...(7)

Subtracting (7) from (5), we have
o, (xl)[zl' ~0o, (zl')]+aj (xz)[z'2 -0i(2, )]+...+o-j (x,_l)[z:_1 ~0o, (z:_l)] =0

Put t, =2z, —o;(z, ). Then, the above system becomes

O'j(Xl)tl +O'j(X2)t2+...+O'J-(Xr_l)tr_lzo
where t, #0. Thus, (i1, to, ..., t-1, 0, 0, ..., 0) is a non-trivial solution of given system, which is a
contradiction to the choice of r. Therefore, n <« m
So, m = n. Hence the proof.

2.5. Galois Extension. A finite extension K of a field F is said to be Galoi’s extension of F if F is the
fixed subfield of K under the group G(K, F) of all F-automorphisms of K i.e. K/F is Galoi’s extension if
K =F.

G(K,F)

2.5.1. Simple Extension. An extension K/F is said to be simple extension if K is generated by a single
element over F.

2.5.2. Corollary. Let K =F(«) be a simple finite separable extension of F. Then, K is the splitting field

of the minimal polynomial of « over F iff F is the fixed field under the group of all F-automorphisms of
K, that is K is Galoi’s extension of F.

Proof : Let f(x) be the minimal polynomial of o over F and let degree f(x) = m.
Then[K:F]=m. Let ou =, a2, a3,..., ar be the distinct conjugates of o in K.

Then K=F (oi) foralli=1,2, ..., r. Since o and i are conjugates over F, so 3 an isomorphism, say
ci : F(oa) > F(ai) given by oi(o) = aj and ci(A) =A for all A € F. But K= F(oi) forall i, so we
have that

ci: K—> K st oi(ou) =ai and ci(A) =Aforall A € F.

Since a1 generates K over F, each oi is uniquely determined. Further, we know for any F-automorphism
o of K, oi(ouw) Is a conjugate of a1 and hence ci(ai) = ai for some aii.

From this, it follows that ¢ = i for some i.

Hence the group G(K, F) consists of 61, o2,..., or. Let Fo be the fixed field under G(K, F). Then by
theorem 2.4.6.,

[K:Fo] = o[G(K,F)] = r.
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So, F=Foifand only if r = m. Hence F is the fixed field under G if and only iff f(x) has all m roots in
K, that is, if and only if K is the splitting field of f(x) over F.

2.5.3. Theorem. Let K be a finite extension of F and ch.F = 0. Then, K is normal extension of F iff the
fixed field under G(K, F) is F itself, that is, K is Galoi’s extension of F.

Proof. We know that any finite field extension of a field of characteristic zero is simple extension so
K/F is a simple extension. So, let K = F(a) for some a € K.

Now, suppose that K is a normal extension of F. Then, by definition, every irreducible polynomial over
F having one root in K splits into linear factors over K. Since [K : F] is finite , so o is algebraic over F.
Let f(x) be minimal polynomial of o over F and K’ be its splitting field over F. Then K’ < K. Also,
aecK ,FcK

= K cK'.

So K =K' i.e. K is splitting field of f(x) over F. Hence, by corollary 2.5.2., F is itself fixed subfield under
G(K, F), that is, K/F is Galois extension.

Conversely, suppose that F is itself the fixed subfield under G(K, F). Again, by corollary 2.5.2., K is the
splitting field of the minimal polynomial of o over F. Further we know that if K is a finite algebraic
extension of a field F iff K is the splitting field of some non-zero polynomial over F. Hence K is a
normal extension of F.

2.5.4. Fundamental Theorem of Galoi’s Theory.
Given any subfield E of K containing F and subgroup H of G(K, F)
(i) E= KG(K,E)
(i) H=G(K,K,)
(i) [K:E]=0(G(K, E))and [E : F] = index of G(K, E) in G(K, F)

(iv)  Eisanormal extension of F iff G(K, E) is a normal subgroup of G(K, F)
(V) when E is a normal extension of F, then

_G(K,F
G(E, F) = O %(K,E).

Proof. (i) Since K is a finite normal extension of F and F — E < K, we must have that K is a finite
normal extension of E. so, by above theorem fixed field under G(K, E) is E itself, that is E = G(K, E).

(i) By definition, K, ={xeK:o(x)=xV oeH}, that is each element of Ky remains invariant
under every automorphisms of H. So, clearly, we have

HcG(K,K,)

Now, we know that if Fo is fixed subfield under subgroup G, then [K : Fo] = 0o(G).
Here K is fixed subfield under H, so we must have [K: Ky] = o(H) ...(1)
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Now, K is normal extension of Ku, so K is fixed subfield under G(K, Ky), by above theorem. So again
we have

[K: KH] = o(G(K, Kn)) ..(2)
By (1) and (2), we obtain

O(H) = o(G(K, Kn))
So, H=G(K, Kn)

(iii)  Since K|F and K|E both are finite normal extensions, so by above theorem fixed field under G(K,
F) and G(K, E) are F and E respectively.
Hence [K: E] = 0o(G(K, E)) and [K : F] = o(G(K, F))

Now, [K: F] =[K: E][E: F]

_ [K:F] _ o(G(K:F))

So  [E:F]
[K:E] o(G(K:E))

=index of G(K, E) in G(K, F)

(iv)  Let E be a normal extension of F. Then, E is algebraic extension of F. Let a€ E, then ‘a’ is
algebraic over F. Let p(x) be the minimal polynomial of ‘a’ over F. Then, E|F being normal and E
contains a root of p(x), then all roots of p(x) are in F.
Hence E contains all the conjugates of ‘a’ over F. Let o € G(K,F), then o(a) is a conjugate of ‘a’ and
hence o(a) cE.
Lety e G(K,E) then 77: K — K such that (1) =4 forall A € E . In particular,
n(o(a)) =o(a) [o(a) €E]
= o'(n(c@))=c"'c(@)=a = (oc'no)(@)=a = o 'noeG(K,E)
Hence G(K,E) A G(K,F).
Conversely, let G(K,E) A G(K,F).
We shall prove that E is a normal extension of F.
Let acEcK = aeK and K isnormal extension of F.
Therefore, K contains all the roots of minimal polynomial p(x) of ‘a’ over F. Equivalently, if L is the
splitting field of p(x) over F, then Lc K.
Let b be any other root of p(x), then be L = K and b is a conjugate of ‘a’ over F. Hence there exists an
isomorphism o : K — K such that
o(@=band c(1)=Aforall AeF
Let 7 e G(K,E), then o 7o € G(K, E) . Therefore,
oc'noc(@d=a = n(o(@)=c(@ = nb)=bforall 7eG(K,E)
But E is fixed under G(K, E), therefore, we get
b=c(@d)eE = beE = LcE
Thus, E is normal extension of F.
(V) Let E be a normal extension of F. Then, E = F(a) for some ac E. Forany o e G(K,F), let o

denotes the restriction of o to E. Since o(a) € E, we get o(E) cE.
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But [o(E): F]=[E:F]. Therefore, we get o(E)=E. Hence o, is an F-automorphism of E and so
o €G(E,F).
Define a mapping 4:G(K,F) —>G(E, F) by setting
o) =0 forall c e G(K, F)
Clearly, for any o,n7eG(K,F), we have
Alon) =(on)e=oen. = A(o)An)
Hence A is a group homomorphism.
Consider any yeG(E,F). Now, p(a) is a conjugate of ‘a’ over F. Thus, there exists an
F-automorphism o on K such that o(a) = y(a).
Further, as o and 7 are both identity of F and E is generated by ‘a’ over F. We get
c(X)=y(x) forallxeF(a)=E = y=0=1(0)
This proves 4 is onto mapping. Hence
G(E,F)=G(K,F)/Kera
Now, if 4 € KerA iff o; isidentity on E iff o(x)=x forall xe E iff c e G(K,E).
Hence KerA=G(K,E) and we obtain
G(E,F)=G(K,F)/G(K,E).

2.5.5. Example. Determining Galois group of splitting field of x*+1 over Q.

Solution. Roots of x*+1 over Q are

(2m+1)mi

X=e 4 , m=0,1,2,3

T

Let a=e" ,
Then roots are x=a,a®, a’,a’
Therefore, splitting field K of x*+1 over Q is given by
K=Q(a,a%,a’,a’) =Q(a).
Clearly, x*+1 is irreducible over Q , so it is minimal polynomial of x*+1 over Q.
Now , [K:Q]=[Q(a): Q]
= degree of minimal polynomial of ‘@’ over Q
= degree (x*+1) = 4

Since K is splitting field of some non-zero polynomial over Q, so K must be normal extension of Q.
Also, charQ = 0, so we must have that the fixed field under the Galois group G(K, Q) is Q itself.

So, we must have  o(G(K, Q)) =[K: Q] =4
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Now , K=Q(a) and [K:Q]=4

so {1, a, a2, a®} must be a basis of K over Q. If y € K be any arbitrary element, then
y=ool+os.atoz.a®+o03.a® , 0ieQ, 0<i<3.
and o (y) = o (00.1) + 6 (0u. @) + o (a2. @) + o (a3. &)
= o0+ 016 (a) + a,(o(a)) +ay(c(a))’
Hence any o € G(K, Q) is determined by its effect on ‘a’.
Now, o(a) must be a conjugate of ‘a’ and G(K, Q) contains four elements, so we must have
G(K, Q) ={o1, 62, 03, o4}, Where 51(a) = a, o2(a) = a3, o3(a) = a°, c4(a) = a’.

Now, G(K, Q) is a group of order four means that either it is a cyclic group of order 4 or it is isomorphic
to Klein’s group.

We observethat oci(@a)=a = o1=1 and o?(a) = o2(o,(a)) =a’=a

o5 (@) =o3(0y(a)) = a®=a and o2 (a) =os(c,(a)) =a¥=a
Hence, ci=oi=cl= 1
So, the Galois group G(K, Q) contains no element of order 4 which in turn implies that
G(K, Q) is isomorphic to Klein’s four group.
2.6. Norms and Traces.

Let E be a finite separable extension of degree n over the subfield F and K be a normal closure of E over
F. Then, there are exactly n distinct F-monomorphisms, say, 7;,1<i<n, of E into K. Consider the

mappings Nerand Sgr of E into K as:
Ne/e (X) :Hfi(x)f Se/r (X) :zfi(x)a
i=1 i=1

forevery xeE and 1 <i<n.
Then, Ne/r(x) and Sg/r(x) are known as norm and trace respectively of x from E to F.
The next theorem, indicates why to use “of x from E to F” in the definition of norm and trace.

2.6.1. Theorem. Norm, Ngi(x) is a homomorphism of the group E” = E-{0} of the field E into the group
F" = F-{0} of the field F. Also, the trace Sg/ is a non-zero homomorphism of the additive group E of the
field E into the additive group F of F.

Proof. For justifying that these mappings are homomorphisms on the said structures, consider x,y € E,
then

Neie 09) = [ 15090 = [ 170059 = [T 0] [7:(9) = Nere (ONe,c (1)
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and,
Seie () = 206+ Y) = Y (500 +5,(1)) = 2500+ 2 5(3) = S (9 + S (1)

Further, if 7 is any F-automorphism of K, then, for x e E, the mappings pi, | <i <n, of E into K
defined by p.(x) =7z(z;(x)) are clearly n distinct F- monomorphisms of E into K and so

{ PP p, y={1,,7,,....,7, }, Might be with different order. Let x be any arbitrary element of E, then
T Ner (X) (HT (X)j HTTi ()= Hpi(x) =Ngr (X)
i=1 i=1

and Serr (X) (ZT (X)j Zn:”i (X) = _Zn:,oi (X) =Sg/r(X) -

Therefore, norm and trace of x belong to the fixed field under G(K,F). Since K is a normal closure of a
seperable extension, so it is finite separable normal extension of F. Hence it follows that the fixed field

under G(K,F) is F itself. Hence Ng - (X),Sg,(X)eF.

Now, we only need to prove that Sg/r is not the zero homomorphism. On the contrary assume that
See(¥)=>7(x)=0, forallxeE

However, it concludes that the set {z,,7,,...,7, } of distinct monomorphisms of E into K is linearly

dependent over K, which in turn contradicts as we already have proved the result “If E and K be any two
fields, then every set of distinct monomorphisms of E into K is linearly independent”. Hence the proof.

Now consider two possibilities:

1. Let D be a finite separable extension of subfield F and E be a subfield of D, containing F. Then
D is a separable extension of E and E is a separable extension of F. Thus if x is any element of D,

define the norm N, (x) of x from D to E, which is an element of E as obtained in Theorem 1,
and then define the norm of N, (x) from E to F, which is an element of F.
2. Also, define the norm of x from D to F.
The next theorem shows that these two procedures lead to the same element of F.

2.6.2. Theorem. Let D be a finite separable extension of a subfield F and E be a subfield of D
containing F. Then, for every x € D,

i) Ne/r(No/e(x)) = No/r(X)
ii) Se/r(Soie(X)) = Soir(x).
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Proof. Let K be a normal closure of D over F and [E : F] = n, [D : E] = m, then due to tower law,
[D : F] = mn. Thus, there are exactly n distinct F-monomorphisms o1,.....,0n (Say) of E into K and m
distinct E-monomorphisms ©i, ..., om (say) of D into K. Extending o1,.....,on from E to K, we can

obtain n distinct F-automorphisms 0,,0,,...,0, of K which act like c1,.....,0n ON E.
Let @ij(i = ,n;j=1,...., m) be the mappings of D into K defined by
0ij(X) = 0'I (uj(x)) forall x € D.

These mn mappings are distinct F-monomorphisms of D into K and hence they form a complete set of
F-monomorphisms of D into K. If x € D, then we have

Np /e (X) = H ¢ (x) = H O'il(fj(x)): Ho-il[ H Tj(x)j

I<i<n I<i<n 1<i<n 1<j<m
1<j<m 1<j<m

- H O-i' ( Np/e (X) H O' Np/e (X) Ng/e (ND/E (X))

f<i<n zi<n
Similarly, we can derive the result for traces also.
2.7. Check Your Progress.
1. Consider F = Q and E = Q(i), define norm and trace for this structure.
2. Find the Galois group of x3— 2 over Q.
2.8. Summary.

In this chapter, we have derived results related to normal extensions and observed that finite algebraic
extension is normal if it becomes splitting field of a non-zero polynomial
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